In this paper, the definition of a new concept which is called -fuzzy soft subgroup is introduced and some basic properties of the families of -fuzzy soft subgroups are examined.
Introduction
The theory of soft sets originally is proposed by Molodtsov (1999) as a mathematical method to deal with uncertainties. In the sequel Maji et al. (2003) present some certain soft binary operations and some basic definitions on soft sets. Ali et al. (2009) discuss some results which are given by Maji et al and they give some new notions. Some potential of the soft sets such as the extension to some certain areas attract the attention of the researchers. Maji et al. (2001) combine the theory of soft set with the theory fuzzy set which was initiated by Zadeh in 1965. Their unified concept is referred as a fuzzy soft set. Yang et al. (2007) study on the notion of fuzzy soft sets. As a subsequent research, Ahmad and Kharal (2009) improve the studies on the fuzzy soft sets and define arbitrary fuzzy soft operations. The extension of fuzzy soft sets to algebraic structures has being interest since its introduction in 1999. Initially, Aygünoğlu and Aygün (2009) define the notion of fuzzy soft groups. Akın and Karakaya (2018) have proposed a new concept which is called -fuzzy soft set recently. In their study they introduce the notion of -fuzzy soft subsemigroup. In this paper, we investigate the notion of -fuzzy soft set for groups.
Preliminaries
A function from a nonempty set to the unit interval [0,1] is called a fuzzy subset of (Zadeh, 1965) . ( ) denotes the set of all of the fuzzy subsets of . Let , be fuzzy subsets of , then ⊆ means that ( ) ≤ ( ) for all ∈ . For any ∈ [0,1], the set = { ∈ | ( ) ≥ } is called the -level set of . Let { | ∈ Λ} be a family of the fuzzy subsets of and ∈ . Then ∧ and ∨ operations are defined by: Let be a subset of , then denote the characteristic function of and it is defined by
Let , be nonempty sets, ∈ ( ), ∈ ( ) and : → be a function. Then ( ) ∈ ( ) is defined by
for all ∈ and −1 ( ) ∈ ( ) is defined by −1 ( ) = ( ) (Klir and Yuan, 1995) .
Fuzzy Subgroups
Let be group and , ∈ ( ). Then the product operation of and is denoted by ⋅ and defined by ( ⋅ )( ) = ∨ = ( ) ∧ ( ) for all ∈ . −1 ∈ ( ) is defined by −1 ( ) = ( −1 ) for all ∈ . If, for all , ∈ , ( ) ∧ ( ) ≤ ( ) and ( ) ≤ ( −1 ), then is called a fuzzy subgroup of .If a fuzzy subgroup of satisfies the condition ( ) = ( ) for all , ∈ , then it is called a normal fuzzy subgroup of . is a normal fuzzy subgroup of if and only if ( ) = ( ) for all , ∈ . (Das,1981; Mordeson and Nair, 2001; Rosenfeld, 1971) 
Soft Sets
Some known and useful definitions and notations on soft sets are given in the following.
Definition 2.1. Let be an initial universal set and be a set of parameters. Then the power set of is denoted by ( ). Let be a subset of . Then a pair ( , ) is called a soft set over where is a mapping given by : → ( ) (Molodtsov, 1999) . The pair ( , ) denotes the collection of all soft sets on with the attributes from and ( , ) is called a soft class (Kharal and Ahmad, 2011) . In this paper, we consider a soft class ( , ) with a group as the initial universal set.
Definition 2.2. Let ( , ) and ( , ) be two soft sets over , ( , ) is called a soft subset of ( , ), denoted by ( , ) ⊆ ( , ), if (i) ⊆ , (ii) ( ) ⊆ ( ) for each ∈ (Molodtsov, 1999) . Definition 2.3. Let {( , )| ∈ } be a family of soft sets in a soft class ( , ). Then a) The restricted intersection of the family {( , )| ∈ }, denoted by (⋂ ) ∈ ( , ), is the soft set ( , ) defined as:
The extended intersection of the family {( , )| ∈ }, denoted by (⋂ ) ∈ ( , ), is the soft set ( , ) defined as:
The restricted union of the family {( , )| ∈ }, denoted by (⋂ ) ∈ ( , ), is the soft set ( , ) defined as:
The extended union of the family {( , )| ∈ }, denoted by (⋂ ) ∈ ( , ), is the soft set ( , ) defined as:
of the family {( , )| ∈ }, denoted by ∏ ∈ ( , ), is the soft set ( , ) defined as: = ∏ ∈ , (( ) ∈ ) = ∏ ∈ ( ) (∀( ) ∈ ∈ ). (Ali et al., 2009; Çelik et al., 2011; Feng et al., 2008; Kazancı et al., 2010; Maji et al., 2003; Pei and Miao, 2005) .
Fuzzy Soft Sets
In the following definitions we give some useful and known concepts of fuzzy soft sets.
Definition 2.4. Let be an initial universal set and be a set of parameters. A pair ( , ) is called a fuzzy soft set over , where is a mapping given by : → ( ) (Maji et al., 2001) . The pair ( , ) denotes the collection of all fuzzy soft sets on with the attributes from and it is called a fuzzy soft class (Kharal and Ahmad, 2011) . In this paper, we consider a fuzzy soft class ( , ) with a group as the initial universal set.
Definition 2.5. Let ( , ) be a fuzzy soft set over . For each ∈ [0,1], the set ( , ) = ( , ) is called an -level set of ( , ), where ( ) = { ∈ | ( )( ) ≥ } for each ∈ . Obviously, ( , ) is a soft set over (Aygünoğlu and Aygün, 2009 ). Definition 2.6. Let ( , ) and ( , ) be two fuzzy soft sets over , ( , ) is called a fuzzy soft subset of ( , ), denoted by ( , ) ⊆ ( , ), if (i) ⊆ , (ii) for each ∈ , ( ) ≤ ( ) (Maji et al., 2001) . e) The fuzzy ∧-intersection of the family {( , )| ∈ Λ}, denoted by ⋀ i∈Λ ( , ), is the soft set ( , ) defined as:
. (Ahmad and Kharal, 2009; Çelik et al., 2013; Maji et al., 2001) Definition 2.8. Let ( , 1 ), ( , 2 ) be fuzzy soft sets in a fuzzy soft class ( , ) . Then the fuzzy product of them, denoted by ( , 1 ) × ( , 2 ), is the soft set (ℎ, ) defined as = 2 × 1 , ℎ( , ) = ( ) ⋅ ( ) for all ∈ 1 , ∈ 2 (Çelik et al., 2013) .
Soft Groups and Fuzzy Soft Groups
Some known and useful definitions on soft and fuzzy soft groups are shown forth as follows.
Definition 2.9. Let ( , ) be a soft set over , ( , ) is called a soft group over if and only if ( ) is a subgroup of for each ∈ (Aktaş and Çağman, 2007; Aslam and Qurashi, 2012; Yin and Liao, 2013 Let ( , ) and ( , ) fuzzy soft sets on the classes ( 1 , 1 ) and ( 2 , 2 ), respectively and let ( , ) be called a fuzzy soft function from 1 to 2 .Then a) The image of ( , ) under the soft function ( , ), denoted by ( , )( , ), is the fuzzy soft set on the class ( 2 , 2 ) defined by
The pre-image of ( , ) under the fuzzy soft function ( , ), denoted by ( , ) −1 ( , ), is defined by
where −1 ( )( )( ) = ( ( ))( ( )), (∀ ∈ −1 ( ), ∀ ∈ 1 ) (Aygünoğlu and Aygün, 2009 ). Definition 2.16. Let ( , ) be a fuzzy soft function from to . If is a homomorphism from to then ( , ) is said to be fuzzy soft homomorphism (Aygünoğlu and Aygün, 2009 ).
-Fuzzy Soft Sets
Akın and Karakaya (2018) propose a fuzzy soft set of a crisp soft set as new concept of a member of the class ( , ) . They give the following definitions.
Definition 2.17. Let ( , ) be a soft set in a soft class ( , ) and ( , ) be a fuzzy soft set in the fuzzy soft class ( , ) . Then ( , ) is said to be a -fuzzy soft subset of ( , ), denoted by ( , ) ⊆ ( , ), if ⊆ and ( ) is a fuzzy subset of ( ) for all ∈ .
Definition 2.18. Let ( , ) be a -fuzzy soft subset of ( , ). ( , ) called α-level soft subset of ( , ), where : → ( ) is defined by
Definition 2.19. Let ( , ) be a -fuzzy soft subset of ( , ). Then the -fuzzy soft subset ( , ) : = ( , ) of ( , ) is called the complement of ( , ), where for any ∈ , ( ): ( ) → [0,1] is defined by ( )( ) = 1 − ( )( ) for all ∈ ( ).
Definition 2.20. Let be a semigroup and let ( , ) be a soft subsemigroup in a soft class ( , ) and ( , ) be a fuzzy soft set in the fuzzy soft class ( , ) . ( , ) is called a -fuzzy soft subsemigroup of ( , ) if ⊆ and ( ) is a fuzzy subsemigroup of ( ) for all ∈ .
-Fuzzy Soft Groups
In this section we give a definition of a new concept which is called -fuzzy soft group, where is a group. Then we investigate some properties of -fuzzy soft group. Throughout this section , , will be considered as groups. ( 2 )). Then ( , ) is a -fuzzy soft group of ( , ).
Remark. Let ( , ) be a fuzzy soft set in the fuzzy soft class ( , ) . If ( , ) is a fuzzy soft group of then it is a -fuzzy soft group of ( , ). Therefore the class of fuzzy soft groups of a soft group covers the class of fuzzy soft groups and the inverse of this is not true in general. For instance, in Example 3.2 (b), the function ( 2 ) is not defined for the matrices which have the determinant different from 1. Theorem 3.3. Let ( , ) be a soft group over and ( , ) be a -fuzzy soft subset of ( , ). Then ( , ), if ( ) α ≠ ∅ for all ∈ and for any ∈ (0,1], is a soft group over for all ∈ [0,1] if and only if ( , ) is -fuzzy soft subgroup of ( , ).
Proof. Suppose that ( , ) is a soft group for all ∈ [0,1]. Let ∈ and : = ( )( ) ∧ ( )( ) for any , ∈ ( ). So ( )( ) ≥ and ( )( ) ≥ . Thus , ∈ ( ). −1 ∈ ( ) since ( ) is a subgroup of for all ∈ . So ( )( −1 ) ≥ , i.e, ( )( −1 ) ≥ ( )( ) ∧ ( )( ). Hence ( ): ( ) → [0,1] is fuzzy subgroup for all ∈ . Therefore ( , ) is a -fuzzy soft group of ( , ). On the contrary, let , ∈ ( ) for any ∈ [0,1]. Hence ( )( ) ≥ and ( )( ) ≥ . Thus ( )( ) ∧ ( )( ) ≥ . Thus ( )( −1 ) ≥ since ( ) is a fuzzy subgroup of ( ) for all ∈ . So −1 ∈ ( ). Therefore ( , ) is a soft group for all ∈ [0,1].
Theorem 3.4. Let ( , ) be -fuzzy soft group of ( , ) for all ∈ Λ. Then a) ⋂ ∈Λ ( , ) is -fuzzy soft group of (⋂ ) ∈Λ ( , ). b) ⋂ ∈Λ ( , ) is -fuzzy soft group of (⋂ ) ∈Λ ( , ). c) ⋂ ∈Λ ( , ) is -fuzzy soft group of (⋂ ) ∈Λ ( , ). d) ∏ ∈Λ ( , ) is a -fuzzy soft group of ∏ ∈Λ ( , ).
Proof. a) Let
⋂ ∈Λ ( , ) = ( , ) and (⋂ ) ∈Λ ( , ) = ( , ).
Clearly, = ⋂ ∈Λ ⊆ ⋂ ∈Λ = .
Let , ∈ ( ) for any ∈ . ( )( −1 ) = (∧ ∈Λ ( ))( −1 ) = ∧ ∈Λ ( ( )( −1 )) ≥ ∧ ∈Λ ( ( )( ) ∧ ( )( )) = ∧ ∈Λ ( ( )( )) ∧∧ ∈Λ ( ( )( )) = ( )( ) ∧ ( )( ) for all , ∈ ( ) since ( ) = ⋂ ∈Λ ( ). We obtain that ( ) is fuzzy subgroup of ( ) for all ∈ . Thus ⋂ ∈Λ ( , ) is a -fuzzy soft group of (⋂ ) ∈Λ ( , ).
b) Let
Clearly, = ⋃ ∈Λ ⊆ ⋃ ∈Λ = . Let ∈ Λ be arbitrary and constant, and = { ∈ Λ| ∈ , ≠ }, and ∈ . If ∈ , then there are two cases: ∈ \ ⋃ ≠ or ≠ ∅. If ∈ \ ⋃ ≠ , then ( ) = ( ) and ( ) = ( ), and since ( ) is a fuzzy subgroup of ( ), then ( , ) is -fuzzy soft group of ( , ). If ≠ ∅, then ( ) ⊆ (⋂ ∈ ( )) ∩ ( ) and ( ) = (⋀ ∈ ( )) ∧ ( ). Hence ( , ) is -fuzzy soft group of ( , ) by similar way in (i). c) Let ∉ . Then ( ) ⊆ ⋂ ∈ ( ) and ( ) = ⋀ ∈ ( ). Hence ( , ) is -fuzzy soft group of ( , ) by similar way in (i).
d) Let
⋂ ∈Λ ( , ) = ( , ) and (⋂ ) ∈Λ ( , ) = ( , ). Then = ⋂ ∈Λ ⊆ ⋂ ∈Λ ⊆ ⋃ ∈Λ = . Let ∈ . Thus ∈ ⋂ ∈Λ . Hence ( ) =∧ ∈Λ ( ) and ( ) = ⋂ ∈Λ ( ). Since ∧ ∈Λ ( ) is a fuzzy subgroup of ⋂ ∈Λ ( ), ( , ) is a -fuzzy soft subgruop of ( , ). e) Let ∏ ∈Λ ( , ) = ( , ) and ∏ ∈Λ ( , ) = ( , ). Clearly, = ∏ ∈Λ ⊆ ∏ ∈Λ = . Let , ∈ (( ) ∈Λ ) for any ( ) ∈Λ ∈ . Then
Thus ∏ ∈Λ ( , ) is a -fuzzy soft group of ∏ ∈Λ ( , ) since (( ) ∈Λ ) is a fuzzy subgroup of (( ) ∈Λ ). If ≠ then ( )( )( ) = . Therefore ( ( ), ) is a ( , )-identity fuzzy soft group over .
Theorem 3.7. Let be a homomorphism from ( ) to ( ) and ( , ) be a -fuzzy soft group of ( , ) defined by ( )( ) = { , ∈ ; , ℎ . , for all ∈ ( ) for any ∈ . Then( ( ), ) is a ( , )-identity fuzzy soft group of ( ( ), ).
Proof. It is straightforward.
Theorem 3.8. Let ( , ) be a 1 -fuzzy soft group of ( , ). If ( , ) is a fuzzy soft homomorphism then ( , )( , ) is a 2fuzzy soft group of ( ( ), ( )).
Proof. Let 1 , 2 ∈ ( )( ) for any ∈ ( ). Suppose that there exist 1 , 2 ∈ such that ( 1 ) = 1 and ( 2 ) = 2 . Then
is satisfied for each 1 , 2 ∈ such that ( 1 ) = 1 and ( 2 ) = 2 . Thus ( , )( , ) is a 2 -fuzzy soft group of ( ( ), ( )).
Theorem 3.9. Let ( , ) be a 2 -fuzzy soft group of ( , ). If ( , ) is a fuzzy soft homomorphism then ( , ) −1 ( , ) is a 1 -fuzzy soft group of ( −1 ( ( )), −1 ( )).
Proof. Let 1 , 2 ∈ −1 ( )( ) for all ∈ −1 ( ). Then −1 ( )( )( 1 2 −1 ) = ( ( ))( ( 1 2 −1 )) = ( ( ))( ( 1 ) ( 2 −1 )) ≥ ( ( ))( ( 1 )) ∧ ( ( ))( ( 2 )) = −1 ( )( )( 1 ) ∧ −1 ( )( )( 2 ).
Thus( , ) −1 ( , ) is a 1 -fuzzy soft group of ( −1 ( ( )), −1 ( )).
Definition 3.10. Let ( , ) be -fuzzy soft group of ( , ). ( , ) is called a -normal fuzzy soft group of ( , ) if and only if ( ) is a normal fuzzy subgroup over ( ) for each ∈ .
Example 3.11. In Example 3.2 (a), ( , ) is a -normal fuzzy soft group of ( , ). In Example 3.2 (b), ( , ) is not a -normal fuzzy soft group of ( , ).
Theorem 3.12. Let ( , ) be a soft group over and ( , ) be a -fuzzy soft subset of ( , ). a) If ( , ) is a normal soft group for all ∈ [0,1] then ( , ) is a normal fuzzy soft group of ( , ). b) Let ( , ) be a normal soft subgroup over . If ( , ) is a normal fuzzy soft group of ( , ) then ( , ) , if ( ) α ≠ ∅ for all ∈ and for any ∈ (0,1], is a normal soft group of ( , ) for all ∈ [0,1].
Proof.
a) Let , ∈ ( ) for all ∈ and ≔ ( )( ).
Then ∈ ( ). Hence −1 ∈ ( ) since ( , ) is a soft normal subgroup for all ∈ [0,1]. So ( )( −1 ) ≥ . Thus ( )( −1 ) ≥ ( )( ). Therefore ( , ) is a -normal fuzzy soft subgroup of ( , ). b) Let ∈ [0,1]; ∈ ( ) and ∈ ( ).
Thus ( )( −1 ) ≥ ( )( ) ≥ since ( , ) is a normal fuzzy soft group of ( , ). Hence −1 ∈ ( ). Therefore ( , ) is a normal soft group of ( , ) for all ∈ [0,1] from Theorem 3.3.
Theorem 3.13. Let ( , ) be -normal fuzzy soft group of ( , ) for all ∈ Λ. Then a) ⋂ ∈Λ ( , ) is -normal fuzzy soft group of (⋂ ) ∈Λ ( , ). b) ⋂ ∈Λ ( , ) is -normal fuzzy soft group of (⋂ ) ∈Λ ( , ). c) ⋂ ∈Λ ( , ) is -normal fuzzy soft group of (⋂ ) ∈Λ ( , ). d) ∏ ∈Λ ( , ) is a -normal fuzzy soft group of ∏ ∈Λ ( , ).
a) Let ⋂ ∈Λ ( , ) = ( , ) and (⋂ ) ∈Λ ( , ) = ( , ). Clearly = ⋂ ∈Λ ⊆ ⋂ ∈Λ = .
Let , ∈ ( ) for any ∈ . ( )( ) = (∧ ∈Λ ( ))( ) = ∧ ∈Λ ( ( )( )) = ∧ ∈Λ ( ( )( )) = ∧ ∈Λ ( ( )( )) = (∧ ∈Λ ( ))( ) = ( )( ) for all , ∈ ( ) since ( ) = ⋂ ∈Λ ( ). We obtain that ( ) is fuzzy normal subgroup of ( ) for all ∈ with Theorem 3.4. Thus ⋂ ∈Λ ( , ) is a -normal fuzzy soft group of (⋂ ) ∈Λ ( , ). b) It is straightforward. c) It is straightforward. d) Let ∏ ∈Λ ( , ) = ( , ) and ∏ ∈Λ ( , ) = ( , ). Clearly = ∏ ∈Λ ⊆ ∏ ∈Λ = . Let , ∈ (( ) ∈Λ ) for any ( ) ∈Λ ∈ . Then Thus ∏ ∈Λ ( , ) is a -normal fuzzy soft group of ∏ ∈Λ ( , ) with Theorem 3.5.
Definition 3.14. Let ( , 1 ), ( , 2 ) be fuzzy soft sets in a fuzzy soft class ( , ) . Then the fuzzy intersection product of them, denoted by ( , 1 ) ⋅ ( , 2 ), is the soft set (ℎ, ) defined as = 1 ∩ 2 , ℎ( ) = ( ) ⋅ ( ) for all ∈ 1 ∩ 2 . Definition 3.15. Let ( , 1 ) be -fuzzy soft group of ( , 1 ) and ( , 2 ) be -fuzzy soft group of ( , 2 ). Then the fuzzy intersection product of them, denoted by ( , 1 ) ∘ ( , 2 ), is the soft set (ℎ, ) defined as = 1 ∩ 2 , ℎ( ) = ( ) ∘ ( ) for all ∈ 1 ∩ 2 , where Theorem 3.16. Let (G, 2 ) be a normal soft group over and let ( , 1 ) be -fuzzy soft group of ( , 1 ) and ( , 2 ) be -normal fuzzy soft group of (G, 2 ). Then ( , 1 ) ∘ ( , 2 ) is a -fuzzy soft group of (F, 1 ) ∩ (G, 2 ).
Proof. Let ( , 1 ) ∘ ( , 2 ) = (ℎ, ) and (F, 1 ) ∩ (G, 2 ) = ( , ). Then ⊆ . Let , ∈ ( ) for any ∈ 1 ∩ 2 . Thus ℎ( ) is a fuzzy subgroup of ( ) since
Definition 3.17. Let ( , 1 ) be -fuzzy soft group of ( , 1 ) and ( , 2 ) be -fuzzy soft group of ( , 2 ). Then the fuzzy product of them, denoted by ( , 1 ) * ( , 2 ), is the soft set (ℎ, ) defined as = 2 × 1 , ℎ( , ) = ( ) * ( ) for all ∈ 1 , ∈ 2 , where Theorem 3.18. Let (G, 2 ) be a normal soft group over and let ( , 1 ) be -fuzzy soft group of ( , 1 ) and ( , 2 ) be -normal fuzzy soft group of (G, 2 ). Then ( , 1 ) * ( , 2 ) is a -fuzzy soft group of (F, 1 ) ∧ (G, 2 ).
Proof. Let ( , 1 ) * ( , 2 ) = (ℎ, ) and (F, 1 ) ∧ (G, 2 ) = ( , ). Then ⊆ . Let , ∈ ( , ) for any ( , ) ∈ 1 × 2 . Thus ℎ( , ) is a fuzzy subgroup of ( , ) since Theorem 3.19. Let ( , ) be a 1 -normal fuzzy soft group of ( , ). If ( , ) is a fuzzy soft homomorphism then ( , )( , ) is a 2 -normal fuzzy soft group of ( ( ), ( )).
Proof. Let 1 , 2 ∈ ( )( ) for any ∈ ( ). Suppose that there exist 1 , 2 ∈ such that ( 1 ) = 1 and ( 2 ) = 2 . Then is satisfied for each 1 , 2 ∈ such that ( 1 ) = 1 and ( 2 ) = 2 . Thus ( , )( , ) is a 2 -normal fuzzy soft group of ( ( ), ( )).
Theorem 3.20. Let ( , ) be a 2 -normal fuzzy soft group of ( , ). If ( , ) is a fuzzy soft homomorphism then ( , ) −1 ( , ) is a 1 -normal fuzzy soft group of ( −1 ( ( )), −1 ( )).
Proof. Let 1 , 2 ∈ −1 ( )( ) for all ∈ −1 ( ). Then −1 ( )( )( 1 2 ) = ( ( ))( ( 1 2 )) = ( ( ))( ( 1 ) ( 2 )) = ( ( ))( ( 2 ) ( 1 )) = ( ( ))( ( 2 1 )) = −1 ( )( )( 2 1 ).
Thus( , ) −1 ( , ) is a 1 -normal fuzzy soft group of ( −1 ( ( )), −1 ( )).
